Abstract. We obtain a dichotomy for C 1 -generic symplectomorphisms: either all the Lyapunov exponents of almost every point vanish, or the map is partially hyperbolic and ergodic with respect to volume. This completes a program first put forth by Ricardo Mañé.
Introduction
A measurable map f : M → M is ergodic with respect to an invariant probability measure µ if every f -invariant subset of M is µ-trivial: f −1 (A) = A implies µ(A) = 0 or 1, for every measurable A ⊂ M . In the context of this paper, where M is a closed manifold, f is a homeomorphism, and µ = m is a normalized volume, ergodicity is equivalent to the equidistribution of almost every orbit: for m-almost every x ∈ M and every continuous φ : M → R,
In his 1983 ICM address [Ma] , Mañé announced the following result, whose proof was later completed by Bochi [Boc1] .
Theorem 1 (Mañé-Bochi) . C 1 -generically, an area preserving diffeomorphism f of a closed, connected surface M 2 is either Anosov and ergodic or satisfies
for a.e. x ∈ M and every 0 = v ∈ T x M .
In [ACW1] , we proved the optimal generalization of this result to volumepreserving diffeomorphisms in any dimension:
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Theorem 2 ([ACW1]
). C 1 -generically, a volume-preserving diffeomorphism f of a closed, connected manifold M is either nonuniformly Anosov and ergodic or satisfies
The "nonuniformly Anosov" condition in Theorem 2 implies in particular that there is a constant c > 0 such that for almost every x ∈ M and every 0 = v ∈ T x M , either lim n→±∞ 1 n log D x f n v > c, or lim n→±∞ 1 n log D x f n v < −c. The nonuniformity in this conclusion cannot be removed: in dimension greater than 2, there are C 1 -open sets of volume-preserving diffeomorphisms with positive entropy that are not Anosov. These include, but are not limited to, the partially hyperbolic diffeomorphisms (we define the Anosov condition and partial hyperbolicity below).
Theorem 2 can be rephrased using Ruelle's inequality, which implies that for a volume-preserving diffeomorphism, equation (1) holds for almost every x ∈ M and every nonzero v ∈ T x M if and only if the volume entropy h m (f ) vanishes. Thus Theorem 2 implies that C 1 -generically among volumepreserving diffeomorphisms, positive volume entropy (i.e. h m (f ) > 0) implies ergodicity.
Ergodicity of symplectomorphisms. The focus of Mañé's discussion in [Ma] was in fact the C 1 -generic behavior of symplectomorphisms, which in dimension 2 coincide with the area-preserving diffeomorphisms. If f : M 2n → M 2n preserves a symplectic form ω, then it preserves the normalized volume m induced by the form ω n . The question of whether f is typically ergodic with respect to this volume has a long history going back to the ergodic hypothesis for Hamiltonian systems.
For symplectomorphisms, the exact conclusion of Theorem 2 does not hold; in particular, C 1 -generically among the partially hyperbolic symplectomorphisms that are not Anosov, one has positive entropy without the nonuniformly Anosov condition. On the other hand, the C 1 -generic partially hyperbolic symplectomorphism is ergodic [ABW] . This leaves the natural question: for the C 1 -generic symplectomorphism, does positive volume entropy imply partial hyperbolicity, and hence ergodicity?
In the same address [Ma] , Mañé announced that for the C 1 -generic symplectomorphism, positive volume entropy implies the existence of a partially hyperbolic invariant set of positive volume. A proof of this claim, requiring substantially new techniques, was provided nearly 20 years later by Bochi [Boc2] . In this paper, we take the Bochi result as a starting point to prove the full generalization of the Mañé-Bochi theorem to symplectomorphisms: Theorem A. C 1 generically among the symplectomorphisms of a compact, connected symplectic manifold (M, ω), positive volume entropy implies partial hyperbolicity and ergodicity.
Note that there are obstructions to partial hyperbolicity on certain symplectic manifolds (see [K] for a discussion); for example CP n does not carry a partially hyperbolic symplectomorphism. For these manifolds, Theorem A implies that the C 1 generic symplectomorphism has volume entropy 0. We also remark that the assumption "positive volume entropy" cannot be replaced by "positive topological entropy:" on any symplectic manifold there exist symplectic horseshoes with positive topological entropy. These horseshoes persist under C 1 -small perturbation.
Needless to say, the techniques behind the proof of Theorem A are essentially disjoint from those in the volume-preserving setting of Theorem 2. In the volume-preserving setting, the positive entropy condition implies the existence of nonzero Lyapunov exponents on the phase space, and the proof in [ACW1] harnesses the presence of some nonzero exponents to eliminate all zero Lyapunov exponents throughout large parts of the phase space. A Baire argument completes the proof. In the symplectic setting, we prove that C 1 generically, the partially hyperbolic set provided by [Boc2] in the presence of positive entropy is the entire manifold. The main result in [ABW] then gives the conclusion. We now explain this argument in more detail.
Partial hyperbolicity and accessibility. Let f : M → M be a diffeomorphism. A compact, f −invariant set Λ ⊆ M is partially hyperbolic if there exists N ≥ 1 and a Df -invariant splitting of the tangent bundle over Λ:
such that for every x ∈ Λ and all unit vectors v u ∈ E u x , v c ∈ E c x , and v s ∈ E s x , we have
We assume throughout that the bundles E u and E s in the splitting (2) are nontrivial. This partially hyperbolic splitting is always continuous. A diffeomorphism of a closed manifold M is partially hyperbolic if M is a partially hyperbolic set for f , and Anosov if it is partially hyperbolic, with E c = {0}.
Let Λ be a compact partially hyperbolic set for f . Through each x ∈ Λ are unique local stable and unstable manifolds W s f (x, loc) and W u f (x, loc), respectively, which are given by a graph transform argument in a suitable neighborhood of Λ. The local stable and unstable manifolds determine global manifolds by
We say that Λ is u-saturated if for any x ∈ Λ, W u f (x) ⊂ Λ and s-saturated if for any x ∈ Λ, W s f (x) ⊂ Λ. We say that Λ is bisaturated if it is both s-and u-saturated. The bisaturated set Λ is accessible if for every p, q ∈ Λ there is an su-path for f in Λ -that is, a piecewise C 1 path such that every segment is contained in a single leaf of W s f or a single leaf of W u f -from p to q. Note that if f is partially hyperbolic, then M is automatically bisaturated. In this case f is accessible if for every p, q ∈ M there is an su-path from p to q. Dolgopyat and Wilkinson proved in [DW] that accessibility holds for a C 1 open and dense set of partially hyperbolic diffeomorphisms, volumepreserving diffeomorphisms, and symplectomorphisms of a closed, connected manifold M .
Our main result is a local version of the main result in [DW] that implies both Theorem A and the results of [DW] . Theorem B. Let M be a closed manifold, let Λ be a partially hyperbolic set of a diffeomorphism f : M → M , and let U be a neighborhood of f in Diff 1 (M ). There exists a neighborhood U of Λ and a non-empty open set O ⊂ U such that: for any g ∈ O, any bisaturated partially hyperbolic set ∆ ⊂ U for g has non-empty interior and is accessible.
The same result holds in Diff
Using Theorem B, we give a proof of Theorem A.
Proof of Theorem A. Let (M, ω) be a closed symplectic manifold. Bochi proved [Boc2] that there are two disjoint open sets, Z and P in Symp 1 (M, ω), such that -Z ∪ P is dense in Symp 1 (M, ω); -for f in a residual subset of Z, the volume entropy h m (f ) is zero; -for f ∈ P, there exists a positive volume, partially hyperbolic finvariant set ∆ f .
The openness of P follows from 2 Theorem C in [AB] , which also implies that the set R of continuity points of f → ∆ f is residual in P. Because the set ∆ f has positive volume, it is bisaturated: see [Z, Corollary B] .
We consider the diffeomorphisms in P. Let f ∈ R ⊂ P. Theorem B implies that there exists an open set U ⊂ P containing f in its closure such that for g ∈ U , the set ∆ g has nonempty interior. Theorem 1 in [ABC] implies that g is also transitive when it belongs to a residual subset of U , implying that ∆ g = M , and so M is partially hyperbolic. Since partial hyperbolicity is robust, we have thus shown that for g in an open and dense subset of P, the whole manifold is a partially hyperbolic set, i.e. g is partially hyperbolic.
Theorem A in [ABW] states that among the C 1 , partially hyperbolic symplectomorphisms, ergodicity is C 1 -generic, completing the proof. ⋄
The boundary of a bisaturated partially hyperbolic set is also bisaturated (see Lemma 1.2 in Section 1.3). When M is connected, this has the following consequence, which generalizes the main result in [DW] .
Corollary C. Let M be a closed, connected manifold, let Λ be a partially hyperbolic set of a diffeomorphism f : M → M , and let U be a neighborhood of f in Diff 1 (M ). There exists a neighborhood U of Λ and a non-empty open set O ⊂ U such that for any g ∈ O, there is no proper bisaturated subset of U .
In particular, if f is partially hyperbolic, then there exists a nonempty O ⊂ U such that every g ∈ O is accessible. Proof . Let Λ be a partially hyperbolic set for f , and let U be a neighborhood of f in Diff 1 (M ). Applying Theorem B, we obtain a neighborhood U of Λ and a non-empty open set O ⊂ U such that for g ∈ O, any bisaturated set ∆ for g in U has empty interior and is accessible.
Thus, if U contained a proper bisaturated set for a diffeomorphism g ∈ O, then its boundary would be a bisaturated set with empty interior, a contradiction.
If f is partially hyperbolic, then applying this argument to Λ = M gives that any g ∈ O is accessible. ⋄ We remark that in the dissipative setting an earlier version of Corollary C was proved for bi-Lyapunov homoclinic classes by Abdenur-Bonatti-Diaz [ABD] . Corollary C has the following direct corollary.
Corollary D. Let M be closed and connected. Then the C 1 -generic f in Diff 1 (M ) has no proper, partially hyperbolic, bisaturated invariant compact set. Proof . Let B be a countable basis for the topology on M (not including M itself). For U in B, let C U be the set of diffeomorphisms f ∈ Diff 1 (M ) whose maximal invariant set in U is partially hyperbolic and let
. By Corollary C, there exists a dense open subset G U ⊂ C U such that U does not contain any proper bisaturated set. Now let
The set R is residual in Diff 1 (M ), and g ∈ R implies that g has no proper bisaturated partially hyperbolic subsets. ⋄ Another application of our results is to the Gibbs su-states of a partially hyperbolic diffeomorphism. Let f be partially hyperbolic. Recall that a Gibbs u-state (resp. s-state) is an f -invariant probability measure µ such that the disintegration of µ along leaves of the W u (resp. W s ) foliation is absolutely continuous with respect to volume on W u (resp. W s ) leaves. A Gibbs su-state is an f -invariant probability measure that is both a Gibbs u-state and s-state.
Corollary E. Let f be partially hyperbolic, and let U be a neighborhood of f in Diff 1 (M ). Then there exists a non-empty open set O ⊂ U such that for every g ∈ O, if µ is a Gibbs su-state for f , then µ has full support, i.e., supp(µ) = M . Proof . The Corollary C implies that there exists a non-empty open set O ⊂ U such that every g ∈ O is accessible. Continuity of the foliations W u and W s implies that the support of a Gibbs su-state is bisaturated. ⋄ The proof of Theorem B follows the lines of the proof of the main result in [DW] , with necessary modifications in the absence of a global partially hyperbolic structure.
Since we do not know examples of stably ergodic diffeomorphisms in Symp 1 (M, ω), a higher smoothness is usually required. In [ACW2] we have proved that C 1 -stable ergodicity is C 1 -dense among partially hyperbolic diffeomorphisms in Diff Question: Is C 1 -stable ergodicity C 1 -dense among Symp r (M, ω), r > 1? Again the strategy for addressing this question should be completely different from the volume-preserving case since the "non-uniform Anosov property" does not exist for symplectomorphisms.
Notation and outline of the proof of Theorem B
Throughout, M denotes a closed Riemannian manifold and m denotes a smooth volume on M , normalized so that m(M ) = 1. When M = M 2n is equipped with a symplectic structure ω, we will indicate so.
1.1. Charts. We introduce for each point p ∈ M a chart
that has the following properties:
(1) The map p → ϕ p is "piecewise continuous in the C 1 topology."
contains the unit ball in T p M for each p ∈ U i , and -smooth maps Φ i :
(2) When a volume or symplectic form has been fixed on M , it pulls back under ϕ p to a constant form on T p M .
Remark: Given a compact set X with a continuous splitting T X M = E ⊕F and γ > 0, one can choose a Riemannian metric on M and the charts ϕ p such that for each p ∈ Λ and z ∈ ϕ −1 p (X) ∩ B(0, 1), the norm of the orthogonal projection of
The construction can be done as follows. Assume that a Riemannian metric on M has been fixed. We first choose a cover of T M by trivializations
Denoting by B d (0, R) the standard open ball in R d with radius R, we then construct finitely many charts
such that (after replacing the U i by smaller open sets, if necessary) for any U i , there exists one such chart Φ satisfying U i ⊂ Φ(B(0, 1)). We can thus define
and for each p ∈ M , choose K i containing p and set
When M is equipped with a volume form, one can require (by Moser's theorem [Mo] ) that ϕ sends divergence-free vector fields to divergence-free vector fields. When M is equipped with a symplectic form ω one can require (by Darboux's theorem) that ϕ * ω coincides (up to multiplication by a constant) with the standard symplectic form Σdp i ∧ dq i of R d = R 2n . This concludes the construction of the charts.
Given a compact set K with a continuous splitting T K M = E ⊕ F , one can first choose a Riemannian metric such that the norm of the orthogonal projection from F to E is arbitrarily small. One then chooses the charts Φ in such a way that the bundles E and F lifted in B d (0, 3) are close to constant bundles (this is possible by the continuity of E and F ). Since the ψ i are close to isometries, this shows that for p ∈ Λ, the bundles E and F lifted by ϕ p in B(0, 1) ⊂ T p M are close to E p and F p respectively, which are close to orthogonal. This gives the property stated in Remark 1.1.
-tv ∈ C for any v ∈ C and t ∈ R; and -there is a continuous subbundle
A conefield C ′ over U is a δ-perturbation of C with support in V ⊂ U if there exists a diffeomorphism h that is δ-close to the identity in the C 1 topology such that h(U ) = U , h coincides with the identity on U \ V and h * (C) = C ′ . A k-conefield C is δ-close to a subbundle E of T U M with kdimensional fibers if {v ∈ C : v = 1} is δ-close to {v ∈ E : v = 1} in the Hausdorff distance.
Let f : M → M be a diffeomorphism, and let Λ be a compact f -invariant set with a partially hyperbolic splitting
A neighborhood U of Λ is admissible if there exist continuous conefields C u , C s , C cu , C cs over U containing E u , E s , E cu , E cs on T Λ M with the appropriate invariance, transversality and contraction properties. The following proposition is standard. Proposition 1.1. For every partially hyperbolic set Λ for f , there exist neighborhoods U 0 and U 0 of Λ and f , and conefields C u 0 , C s 0 , C cu 0 , C cs 0 on U 0 with the following property. If ∆ ⊂ U 0 is a compact g-invariant set for g ∈ U 0 , then it is partially hyperbolic and U 0 is an admissible neighborhood of ∆ with respect the conefields C u 0 , C s 0 , C cu 0 , C cs 0 and the diffeomorphism g. 1. 3 . Bi-saturated partially hyperbolic sets. Accessibility. Consider a diffeomorphism f and a partially hyperbolic set Λ. We denote by U 0 (f, Λ) and U 0 (f, Λ) the neighborhoods given by Proposition 1.1.
Let M be a manifold of dimension d ≥ 2, and let K be a compact subset
called leaves, where x ∈ L(x), and two leaves L(x) and L(y) are either disjoint or equal, and a covering of K by coordinate neighborhoods {U α } with local coordinates (x 1 α , . . . , x d α ) with the following property. For
is given by a set of equations of the form
can be chosen uniformly C r along the local leaves (i.e., to have uniformly C r overlaps on the sets
Note that the leaves of a lamination with C r leaves are C r , injectively immersed submanifolds of M . A lamination of M is called a foliation.
Let Λ be a bisaturated partially hyperbolic set for f . Continuity and invariance of the partially hyperbolic splitting implies that Λ is u− (resp., s−) saturated if and only if {W u f (x) : x ∈ Λ} (resp., {W u f (x) : x ∈ Λ}) is a lamination of Λ. Lemma 1.2. Let Λ be a bisaturated partially hyperbolic set for f . Then the boundary ∂Λ is also bisaturated.
Proof.
A set is bisaturated if and only if it is laminated by W s leaves and by W u leaves. If x, y belong to the same leaf of a compact lamination W ⊂ M , then there exist neighborhoods V x and V y in W, of x and y respectively, that are homeomorphic; thus x belongs to the interior of W if and only if y does. ⋄ Let P(M ) be the collection of all subsets of M . We say that (f, Λ) is accessible on X ∈ P(M ) if for every p ∈ X ∩ Λ, and every q ∈ X, there is an su-path for (f, Λ) from p to q. In particular, if X ∩ Λ = ∅, and f is accessible on X, then Λ ⊃ X.
We say (f, Λ) is stably accessible on X ∈ P(M ) if there exists a neighborhood U ⊂ U 0 (f, Λ) of Λ with X ⊂ U , and a neighborhood U ⊂ U 0 (f, Λ) of f such that for every f ∈ U and every f -invariant bisaturated compact set Λ ⊂ U , we have that ( f , Λ) is accessible on X.
We say that a set X ∈ P(M ) is a c-section for (f, Λ) if for every bisaturated subset ∆ ⊂ Λ, we have X ∩ ∆ = ∅.
Admissible families of disks.
Since we do not assume that E c is tangent to a foliation, we will work with approximate center manifolds.
For ρ > 0 small and p ∈ Λ, we denote by B c (0, ρ) the ball inside E c p of radius ρ and set
We refer to V ρ (p) as a c-admissible disk (with respect to (f, Λ)) with center p and radius ρ and write r(V ρ (p)) = ρ. If D is a c-admissible disk with center p and radius ρ, then for β ∈ (0, 1), we denote by βD the c-admissible disk with center p and radius βρ. A c-admissible family (with respect to (f, Λ)) is a finite collection of pairwise disjoint, c-admissible disks.
Define the return time R : P(M ) → N ∪ {∞} as follows. For X ∈ P(M ), let R(X) be the smallest J ∈ N ∪ {∞} satisfying:
Note that R(B ρ (p)) → per(p), as ρ → 0, where we set per(p) = ∞ if p is not periodic.
For D a c-admissible family and β ∈ (0, 1), we introduce the following notation: If D is a c-admissible family with respect to (f, Λ) with r(D) < J −1 and R(D) > J, then for all σ > 0 there exists g ∈ U 0 (f, Λ) such that:
(
for each D ∈ D, and every bisaturated partially hyperbolic set ∆ ⊂ U for g, we have that (g, ∆) is stably accessible on D.
The second proposition is the counterpart to [DW, Lemmas 1.2 and 1.3].
Proposition 1.4 (Stable c-sections exist).
Let Λ be a partially hyperbolic set for f . Then there exists δ > 0 with the following property. Let U be a neighborhood of Λ satisfying U ⊂ U 0 (f, Λ). For any J ≥ 1 there exists a c-admissible disk family D and σ > 0 such that:
(1) r(D) < J −1 , (2) R(D) > J, and (3) if g satisfies d C 1 (f, g) < δ and d C 0 (f, g) < σ, then for any bisaturated partially hyperbolic set ∆ ⊂ U for g, the set |D| is a c-section for (g, ∆).
1.6. Proof of Theorem B from Propositions 1.3 and 1.4. Let f , Λ and U be given as in the statement of the theorem. Let δ > 0 be given by Proposition 1.4. By shrinking the value of δ if necessary, we may assume
Let the neighborhood U of Λ and J ≥ 1 be given by Proposition 1.3, using the value δ/2. We may assume that U ⊂ U 0 (f, Λ). Let D and σ be given by Proposition 1.4. Applying Proposition 1.3 to f , Λ, δ/2, D, σ/2 we associate a perturbation g 0 of f satisfying:
for each D ∈ D, and every bisaturated partially hyperbolic set ∆ ⊂ U for g 0 , we have that (g 0 , ∆) is stably accessible on D.
By compactness of the Hausdorff topology, there exists a neighborhood O ⊂ U of g 0 in the δ/2-neighborhood of g 0 such that accessibility holds on each D, for bisaturated sets of any g ∈ O. Then for any g ∈ O, we have d C 1 (f, g) < δ and d C 0 (f, g) < σ. Let ∆ ⊂ U be a bisaturated set for such a g. On the one hand, Proposition 1.4 implies that |D| is a c-section for ∆, and so there exists D ∈ D such that ∆ ∩ D = ∅. On the other hand, Proposition 1.3 then implies that ∆ ⊃ D. By saturating D by local stable and unstable manifolds for ∆ and using again the bisaturation of ∆, we see that ∆ has nonempty interior.
Consider any point p ∈ ∆ and its accessibility class C(p), i.e. the set of points p ′ ∈ ∆ that can be connected to p by a su-path in ∆. Note that the closure of C(p) is a bisaturated set and hence meets the c-section |D| at a point z. This point belongs to a disc ϕ x i (B c (0, ρ i )) ⊂ |D|. Any point y close to z can be joint by a su-path with two legs to a point in ϕ x i (B c (0, ρ i )): this proves that C(p) intersects |D at a point z p . If q is another point in ∆, its accessibility class C(q) meets |D as well at a point z q and the stable accessibility relative to |D implies that the two points z p , z q can be connected by a su-path. We have thus proved that p and q belong to the same accessibility class, hence that Λ is accessible, completing the proof of Theorem B. ⋄
Proof of Proposition 1.3
Fix f, Λ, δ as in the statement of Proposition 1. 3 . We denote by c the dimension of the center bundle. The proof follows closely the proof of Lemma 1.1 in [DW] . The main adaptation is that we work inside bisaturated sets ∆ for g in a small neighborhood of Λ and consider unstable and stable holonomies in restriction to ∆.
The partially hyperbolic splitting for f at a point z will be denoted by E u z ⊕ E c z ⊕ E s z , whereas the splitting for another diffeomorphism g will be denoted by E u g,z ⊕ E c g,z ⊕ E s g,z . As before d = dim(M ).
For any p ∈ M we have defined a chart ϕ p : B(0, 1) ⊂ T p M → M . From Remark 1.1, we can assume that for any p ∈ Λ and z ∈ B(0, 1) ∩ ϕ −1 p (Λ), the orthogonal projections of E s z on E u z ⊕ E c z and of E u z on E c z ⊕ E s z have norms smaller than 10 −1 .
In the following, we will reduce the C 1 -size δ of the perturbation, the size of the neighborhood U of Λ, and the size ρ of the c-admissible discs.
2.1.
A center covering. We will need to replace c-admissible discs by families of disjoint smaller balls.
Lemma 2.1. There exist δ 1 , ρ 1 > 0, K > 1 and a neighborhood U 1 of Λ such that for any ρ ∈ (0, ρ 1 ), any c-admissible disc D with radius ρ, centered p ∈ Λ, and for any ε ∈ (0, K −1 ρ), there exist z 1 , . . . , z ℓ ∈ T p M such that:
(1) The balls B(z i , 100d 2 ε) are in the Kε-
For any x ∈ D, there exists z i such that for any g that is δ 1 -close to f in the C 1 distance and for any bisaturated set ∆ ⊂ U 1 for g: (a) if x ∈ ∆ then there is a su-path for g between x and ϕ p (B(z i , ε)),
Proof. There exists K 0 > 1 such that for any ε > 0, the unit ball B(0, 1) ⊂ R c can be covered by balls B(x 1 , ε/4), . . . , B(x ℓ , ε/4) with the property that any ball B(x i , 200d 2 ε) intersects at most K 0 − 1 others. We introduce a local flow along the unstable leaves W u g of ∆ for g. Fix p ∈ Λ, and for x ∈ B(0,
For each tangent vector v u ∈ E u p , we define a vector field X v u along the local leaves of ϕ −1 p (W u g ) as follows:
The vector field X v u induces a local flow Φ u on the set B(0, 2ρ 1 ) ∩ ϕ −1 p (∆), for |t| < ρ 1 : the orbit of x is the projection by π u x of the curve t → x + tv u . The orbits are C 1 curves with a tangent space arbitrarily close to Rv u if ρ 1 , δ 1 and U 1 have been chosen small enough.
Let D be a c-admissible disk centered at p, with radius ρ < ρ 1 . From the property above, one can choose points x 1 , . . . , x ℓ ∈ E c p such that the balls B(x 1 , ε/4), . . . , B(x ℓ , ε/4) cover ϕ −1 p (D) ⊂ E c p and choose integers k 1 , . . . , k ℓ in {1, . . . , K 0 } such that the balls B(z 1 , 100d 2 ε), . . . , B(z ℓ , 100d 2 ε), centered at points z i := x i + 500d 2 k i εv u are pairwise disjoint. The two first items are satisfied with K = 1000d 2 K 0 .
Since the flow lines under Φ u are C 1 -close to lines parallel to v u , for each point x ∈ D ∩ ∆, there exists |t| < 10K 0 such that Φ t (ϕ −1 p (x)) belongs to one of the balls B(z i , ε/2). Hence the unstable manifold of x intersects ϕ p (B(z i , ε/2)).
is ε/2-close in the C 0 metric to the map (t, y) → y+tv u . Hence B(z i ), ε/2)+[−(K −1)ε, (K −1)ε]v u is contained in the image of H. By construction B(x, ε/2) is contained in this image. We have thus proved that any point in ϕ p (B(x, ε/2)) belongs to the unstable manifold of some point in ϕ p (B(z i , ε) ).
The lemma is proved. ⋄
2.2.
A center accessibility criterion. Let θ > 0, p ∈ Λ and z ∈ T p M . We say that the pair (g, ∆) is θ-accessible on the ball ϕ p (B(z, 2dε)) if there exist an orthonormal basis w 1 , . . . , w c of E c p and for each j ∈ {1, . . . , c}, a continuous map
is a 4-legged su-path, i.e. the concatenation of 4 curves, each contained in a stable or unstable leaf,
The following replaces Lemma 3.2 in [DW] in our setting.
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Lemma 2.2. For any θ > 0, there exist δ 2 , ρ 2 > 0 and a neighborhood U 2 of Λ such that -for any p ∈ Λ, any z in the ball B(0, ρ 2 ) ⊂ T p M and ε ∈ (0, ρ 2 ), -for any diffeomorphism g which is δ 2 -close to f in the C 1 topology, -for any bi-saturated set ∆ ⊂ U 2 such that (g, ∆) is θ-accessible on the ball ϕ p (B(z, 2dε)), the pair (g, ∆) is accessible on ϕ p (B(z, ε) ).
Proof. Let u, s be the dimensions of the bundles E u , E s . Hence d = u + c + s. Let v 1 , . . . , v u and v u+c+1 , . . . , v d be orthonormal bases of E u p and E s p , respectively. We define local flows (Φ i t ) (for i ∈ {1, . . . , u}∪{u+c+1, . . . , d}) on ϕ −1 p (∆), as in the proof of Lemma 2.1. As in the proof of Lemma 2.1, we define for each j ∈ {1, . . . , u} a local flow Φ j : at any x ∈ B(z, 2dε) ∩ ϕ −1 p (∆) it is tangent to the vector field obtained by projecting the vector θεv u j at x orthogonally to E u on the tan-
Similarly, for j ∈ {1, . . . , s}, we define a flow Φ u+c+j t (x) in the direction of v s j , along the stable leaves of ϕ −1 p (∆). Choosing ρ 2 , δ 2 , U 2 small, the tangent spaces of the unstable and stable leaves of g inside ϕ −1 p (∆) in B(p, ρ 2 ) are close to E u p and E s p . This gives
We also define maps in the center direction. Let us set v c+j = w j . For j ∈ {1 . . . , c}, we introduce inductively Φ c+j t (x) (while it can be defined) by Φ (d) and (4), one can define for each (t 1 , . .
This induces a continuous map satisfying
The Brouwer fixed point theorem implies that the image of P contains the ball centered at x 0 of radius (3 − 1 2 )ε, and hence the ball B(z, ε). By construction, the points in the image of ϕ p • P are be connected to z 0 by an su-path in ∆. We have thus shown that (g, ∆) is accessible on B(z, ε). ⋄ 2. 3 . Elementary perturbations. The perturbation will be built from the Lemma 2. 3 . There exists η, α 0 > 0 small with the following properties.
For any α ∈ (0, α 0 ), p ∈ Λ, z ∈ B(0, 1/4) ⊂ T p M , r ∈ (0, 1/4) and any unit vector v ∈ E c p , there exists a diffeomorphism T of T p M : -which is supported on B(z, 3r), -whose restriction to B(z, 2r) coincides with
-whose tangent map DT (y) is α-close to id for any y ∈ T p M , -which is r 100d 2 -close to the identity in the C 0 distance. Moreover, if f preserves a volume m or a symplectic form ω, then such a T can be constructed so that the maps ϕ p • T • ϕ −1 p preserve m or ω as well. Proof. The construction is standard. One first notices that it can be done in the case r = 1/4. One then reduces r by conjugating by an homothety.
With a bump function, one builds a vector fields which takes the constant value v on B(z, 2r) and which vanishes outside B(z, 3r). There exists η > 0 such that the time t of the flow is at distance η −1 .t from the identity in the C 1 -topology. For α > 0 small, the map T is the time αη of the flow.
In the volume-preserving case, the lift of the volume form is constant in the domain of the charts. Choosing a divergence free vector field, the map T preserves the volume.
In the symplectic case, the symplectic form in the chart is constant. The constant vector field is hamiltonian. Using a bump function, one can extend the hamiltonian to a function which vanishes outside B c (z, 3r). The associated vector field is then symplectic as required. ⋄
The diffeomorphism g will be obtained from f as a composition:
where the points p ℓ belong to Λ and where the maps T ℓ are diffeomorphisms of T p ℓ M given by Lemma 2.3 which coincide with the identity outside some sets Ω ℓ contained in B(0, 2ρ) ⊂ T p ℓ M , for some ρ > 0 small which will be chosen later. The supports ϕ p ℓ (Ω ℓ ) will be chosen pairwise disjoint so that the maps Ψ ℓ commute.
We consider cone fields C u 0 , C s 0 on U 0 , respectively invariant by f and f −1 as in Proposition 1.1. If δ 3 > 0 is small, for any g that is δ 3 -close to f in the C 1 topology, the same cone fields C u 0 , C s 0 are still invariant by g and g −1 . We may assume without loss of generality that δ < min(δ 1 , δ 2 , δ 3 ). Recall that the charts ϕ p depend continuously on p in the C 1 -topology when p belong to the atoms of a finite compact covering of M . Consequently, there exists ρ 3 > 0 and α ∈ (0, α 0 ) small such that if the support Ω ℓ of each map T ℓ is contained in B(0, 2ρ) ⊂ T p ℓ M for some ρ ∈ (0, ρ 3 ) and has a tangent map DT which is α-close to the identity, then the diffeomorphism g is δ-close to f in the C 1 distance.
2.4.
Choice of J and U . For J ≥ 1, let us introduce the iterates C u = Df J (C u 0 ) and
The contraction of the cone fields ensures that C u and C s get arbitrarily close to the bundles E u and E s (defined on the maximal invariant set of U ) as J → +∞. Hence, there exist J 1 ≥ 1 and ρ 4 > 0 such that if J ≥ J 1 and if ρ < ρ 4 , then for any p ∈ Λ, -ϕ p (B(0, 2ρ)) ⊂ U , -the cone fields Dϕ −1 p (C s ) and Dϕ −1 p (C u ) on B(0, 2ρ) are γ-close to the spaces E s p and E u p in T p M for some γ > 0 much smaller than αη. In particular, from the choice of the Riemannian metric, for any point z ∈ B(0, 2ρ) ⊂ T p M , the orthogonal projection of any unit vector u ∈ Dϕ p (z) −1 (C s (ϕ p (z)) on E c p has norm smaller than 1/2. We now fix:
-ρ > 0 smaller than min(ρ 1 , ρ 2 , ρ 3 , ρ 4 ), -J ≥ J 1 large enough so that any c-admissible disk D with center p ∈ Λ and radius r(D) < J −1 lifts by ϕ p as a subset of B(0, ρ) ⊂ T p M , -the neighborhood U to satisfy (6), -a c-admissible family D of disks as in the statement of Proposition 1.3, -σ > 0 as in the statement of Proposition 1. 3 . The construction also depends on a number ε > 0 smaller than σ, ρ 2 and K −1 r(D) for any D ∈ D (as in Lemma 2.1). We will specify later the value of ε.
2.5. Construction of the diffeomorphism g. We associate to each cadmissible disc D ∈ D a set of balls as given by Lemma 2.1. The union of these sets defines a family B of balls B i := ϕ p i (B(z i , 100d 2 ε)) inside the tangent spaces of points p i ∈ Λ. Since the discs D ∈ D are disjoint, by choosing ε > 0 small enough the items (a) and (b) in Lemma 2.1 ensure that the balls B i are pairwise disjoint.
We now define g • f −1 in each B i separately. The choice of ρ gives ϕ p i (B(z i , 100d 2 ε)) ∈ U , and one can choose two spaces E u , E s ⊂ T p i M with the same dimension as E u p i and E s p i and satisfying
We choose two unit vectors e s ∈ E s , e u ∈ E u and we also fix an orthonormal basis w 1 , . . . , w c of E c p i . For each j ∈ {1, . . . , c}, the Lemma 2.3 provides us with:
-diffeomorphisms T i,j of T p i M , whose restriction to B(z i +10jdεe s , 2dε) coincides with the translation by αηdεw j , -diffeomorphisms T i,−j of T p i M , whose restriction to B(z i −10jdεe s , 2dε) coincides with the translation by −αηdεw j , Moreover DT i,±j is α-close to the identity and T i,±j coincides with the identity outside B(z i ± 10jdεe s , 3dε).
Since the norm of the orthogonal projection of E s to E c is less than 1/2, the supports of the T i,j and T i,−j for j ∈ {1, . . . , c}, are pairwise disjoint, and also disjoint from B(z i , 2dε). Also the union of the supports is contained in B(z i , 100d 2 ε) ⊂ T p i M . Since the balls B i are disjoint, the composition of f with all the Ψ i,±j := ϕ p i • T i,±j • ϕ −1 i,j as in (5) defines a diffeomorphism g, which is δ-close to f in the C 1 -topology. Since the diameters of these balls has been chosen small, g is also σ-close to f in the C 0 -topology.
It remains to check the item (3) of Proposition 1.3.
2.6. θ-accessibility. We set θ = αηd and check the criterion in Section 2.2.
Lemma 2.4. If ε > 0 is small enough, then for any diffeomorphism g that belongs to a small C 1 -neighborhood of g and for any bisaturated set ∆ ⊂ U for g, then the pair ( g, ∆) is θ-accessible on each ball ϕ p i (B(z i , 2dε)).
Proof. Let us describe the holonomies in each ball
We introduce the affine foliations F u 0 , F s 0 of T p i M by leaves parallel to E u and E s and the perturbed foliation
. We next introduce flows Φ s , Φ u along the leaves of F s 0 and F u in the directions e s and e u as in proof of Lemma 2.1. For the linear foliation F s , Φ s simply coincides with the linear flow (x, t) → x+ te s . For F u , one defines Φ u (x, t) by projecting the flow (x, t) → x + te u on the leaves of F u , along the space E s + E c p i . Claim. For each j ∈ {1, . . . , c}, the composition
coincides on B(z i , 2dε) with the translation by θεw j .
Similarly, the composition Φ s 10dε
• Φ u 10jdε coincides on B(z i , 2dε) with the translation by −θεw j . Proof . Indeed on B(z i , 2dε) the map Φ u 10jdε coincides with x → x+(10jdε)e u (by construction the support of the maps T i,j does not intersect B(z i , 2dε) + Re u ). On B(z i , 2dε) + (10jdε)e u + 10dε, the map Φ u −10jdε coincides with the composition of x → x − (10jdε)e u with the translation by αηdεw j = θεw j . The first part of the claim follows. The second is obtained analogously. ⋄ Arguing in a similar way and using the fact that the C 0 size of the perturbations T i,j is smaller than
The items (a), (b) of the definition of the θ-accessibility hold by construction.
The stable leaves W s g,loc (x) are C 1 -close to the leaves of the foliation F s 0 . Indeed the J first iterates of g and f coincide on B i (since D(D) > J) so that the tangent spaces of the unstable leaves of g are tangent to the cone field C s and its preimage by ϕ p i is γ-close to the direction E s on B(z i , 100d 2 ε). The same holds for g which is C 1 -close to g.
Similarly the unstable leaves of g and g are tangent to the cone field C u on f −1 (B i ). Hence on each ball ϕ p i (B(z i ± 10jdεe s , 3dε)), they are tangent to the cone field DΨ i,±j (C u ). Their preimages by ϕ p i are thus γ-close to the leaves of F u on B(z i , 100d 2 ε). This implies that the trajectories of the flows Φ s/u and Φ s/u are C 1 -close. Together with the two previous claims, it gives the items (c) and (d) of the definition of the θ-accessibility. ⋄ 2.7. Conclusion of the proof of Proposition 1. 3 . Let ∆ ⊂ U be a bisaturated set for g. Let us consider any diffeomorphism g that is C 1 -close to g and any bisaturated set ∆ ⊂ U for g (in particular, any bisaturated ∆ for g contained in a small neighborhood of ∆). The pair ( g, ∆) is θ-accessible on each ball ϕ p i (B(z i , 2dε)) by Lemma 2.4. By Lemma 2.2, the pair ( g, ∆) is accessible on each ball ϕ p i (B(z i , ε)).
Let D be any c-admissible disk in the family D, which intersects ∆ at a point z. By Lemma 2.1(3a), there exists ϕ p i (B(z i , ε)) and a su-path for g between z and a point y ∈ ϕ p i (B(z i , ε)). By accessibility, ϕ p i (B(z i , ε)) ⊂ ∆. By Lemma 2.1(3b), any point x in the ε/2-neighborhood of z in D can be connected by a su-path to a point y ′ ∈ ϕ p i (B(z i , ε)). By accessibility, y, y ′ ∈ ϕ p i (B(z i , ε)) belong to a su-path. This shows that any point in the ε/2-neighborhood of z in D can be connected to z by a su-path. Since D is connected, any two points in D belong to a su-path in ∆, showing that ( g, ∆) is accessible on D. This concludes the proof of the stable accessibility of (g, ∆) on any disk D ∈ D, and of the last item of Proposition 1.3. ⋄
Proof of Proposition 1.4
For Λ a partially hyperbolic set for f and U a neighborhood of Λ with U ⊂ U 0 (f, Λ), we denote the maximal f -invariant set in U by
Proof. The proof follows the same argument as in the proofs of Lemmas 2.1 and 2.2. Let B u (0, 1) and B s (0, 1) be the unit balls in the spaces E u q and E s q . Working in the chart φ q , define a continuous map Φ from B u (0, 1) × B s (0, 1) to ϕ −1 q (∆) ⊂ T q M in the following way. For v, w ∈ B u (0, 1) × B s (0, 1), first project orthogonally along the space E c q ⊕ E s q the point ϕ −1 q (p) + ρv onto the unstable leaf of ϕ −1 q (p) lifted in the chart: this defines a point y ∈ ϕ −1 q (∆). Then project orthogonally along the space E u q ⊕E c q the point y +ρw onto the stable leaf of y in the chart: this defines the point ϕ −1 p (Φ(v, w)). It belongs to the bisaturated set ∆.
The restriction of Φ to the boundary of B u (0, 1) × B s (0, 1) is disjoint from E c q , and the Brouwer fixed point theorem ensures that the image of ϕ −1 p • Φ intersects E c q . Since the stable and unstable leaves of g lifted in the chart are close to the directions E u q and E s q , the intersection point belongs to B c (0, ρ) ⊂ E c q . ⋄ Fix δ = min(δ 0 , δ 1 ), ρ < min{ρ 0 , ρ 1 } and let D be the c-admissible disk family with centers q 1 , . . . , q k ∈ Λ U (f ) \ B ρ given by Lemma 3.1. Let σ > 0 be given by the remark following Lemma 3.1. Consider a diffeomorphism g satisfying d C 1 (f, g) < δ and d C 0 (f, g) < σ, and let ∆ ⊂ U be a bisaturated partially hyperbolic set for g. Claim 3.2 gives that every p ∈ B ρ ∩ ∆ can be connected to a point in Λ U (g)\B ρ by a su-path for g. Since ∆ is bisaturated, it intersects Λ U (g)\B ρ .
By Lemma 3.1 and the remark that follows, the balls B βρ (q 1 ), · · · , B βρ (q k ) cover Λ U (g) \ B ρ . Hence, there exists i such that ∆ ∩ B βρ (q i ) = ∅. Now the Claim 3.2 and the bisaturation of ∆ imply that ∆ ∩ V ρ (q i ) = ∅.
We have thus shown that ∆ intersects |D|, as required. ⋄
